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Nonlinear Rotor Aeroelastic Analysis with Stall
and Advanced Wake Dynamics

Deman Tang* and Earl H. Dowell†
Duke University, Durham, North Carolina 27708-0300

This paper studies an effective lag damping prediction method for a � exible � ap ­ lag­ torsional hinge-
less rotor model and correlation with the experimental data for a four-bladed rotor. The ONERA dynamic
stall models of lift, drag, and pitching moment for each aerodynamic airfoil element and an advanced
three-dimensional � nite state wake model are used. The nonlinear equations of motion are represented
in terms of state variables with 4 3 10 structural state variables. Eight aerodynamic elements for each
rotor blade and at least eight wake harmonics are employed. The aerodynamic and wake state variables
are 4 3 48 and 45, respectively. A numerical simulation technique is applied to determine the transient
response of the hingeless rotor model and to predict the lag damping. Numerical investigations indicate
that the present theoretical/numerical method improves the correlation of the theoretical and experi-
mental results compared to an earlier eigenvalue, perturbation analysis.

Nomenclature
a = linear lift curve slope
a.c, e.c = aerodynamic center and blade elastic axis
ae = chord distance between aerodynamic center and

blade elastic axis, 1/R
b = nondimensional blade semichord, c /2R
Cd, Cl = airfoil sectional drag and lift coef� cient
Cm = airfoil sectional pitch moment coef� cient about

quarterchord
CT = thrust coef� cient, 1/rpV2R 4

Cvi, Cwi = ith chord and � ap structural damping coef� cients
Cfi = ith torsion structural damping coef� cient
c = blade chord
D = section aerodynamic drag force
EI1 = blade � ap bending stiffness
EI2 = blade chord bending stiffness
e, ē = mass centroid offset from elastic axis, e/R
eA = tensile axis offset from elastic axis
eh = rotor root cuff
GJ = blade torsional stiffness
j, n = polynomial number
KA = radius of gyration of blade cross section
Km = mass radius of gyration of blade cross section
ki = reduced frequency, b /r
L = section aerodynamic lift force

c,s[L ] = in� ow infuence coef� cient mass matrices
Lv, Lw = components of aerodynamic loads per unit length

in � ap and lag (in-plane) directions
L0 = apparent mass lift normal to the chord line
Lf = aerodynamic moment per unit length about

aerodynamic center
[M ] = in� ow apparent mass matrices
Mf = aerodynamic moment per unit length about

aerodynamic center
m = mass per unit length of the blade
Na = number of aerodynamic elements
Nb = number of blades
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Ns = number of structural degrees of freedom
Nv = number of induced in� ow states
R = rotor radius, ft
r = rotor radial distance from the rotating center, 1/R
t = time, s
t̄ = nondimensional time, Vt
U = section resultant velocity at a blade section, 1/RV
UP, UT = local air velocity components, 1/RV
V = in� ow parameter, 1/RV
Vi, Wi = generalized coordinates for bending
v1 = induced in� ow velocity, 1/RV
x = blade radial distance from the root cuff, 1/R
a = section angle of attack, rad
as = shaft tilt angle, positive forward, rad
ass = quasisteady stall angle, deg

,s sa bj j = induced in� ow expansion coef� cients
bpc = precone angle, rad
G, Gd = lift and drag circulations per length
Gm = pitch moment circulation per length
DCd = difference between the extrapolated drag

coef� cient and measured static value
DC l = difference between the extrapolated lift coef� cient

and measured static value
DCm = difference between the extrapolated pitch moment

coef� cient and measured static value
Di = dimensionless width of ith aerodynamic section
·« = airfoil rotation rate with respect to the air mass
ue = excitation amplitude angle, rad
us, uc = cyclical pitch angle, rad
u0 = collective pitch angle, rad, deg
q = normalized eigenvector in torsional direction

about the elastic axis of blade
lT = total in� ow ratio
m = rotor advance ratio
r = air density
s = damping coef� cient of regressing mode in the

nonrotating system, s2 1

w, § = normalized eigenvectors in y and z directions,
respectively

mc mst , tn n = cosine and sine parts of pressure coef� cient
Fi = generalized coordinates for torsion
f, v, w = elastic twist about the elastic axis and

displacements in the y, z directions
sf (r)j = radial expansion shape function

ck = azimuth of kth blade
V = rotor rotation speed, rad/s
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v = nondimensional exciting frequency, 1/V
v vi, vwi = ith nondimensional rotating lag and � ap natural

frequencies, 1/V
vfi = ith nondimensional rotating torsional natural

frequency, 1/V

Subscripts
1, 2 = unstalled and stalled components
z, h = z and h components

Superscripts
~ = ¯d( )/dt
9 = d( )/dx

I. Introduction

F INITE state aerodynamic models have proven to be very
useful in the nonlinear aeroelastic analysis of rotorcraft.

These models are formulated as differential equations in the
unknown states of the � ow� eld, which can then be coupled
with a rotor structural model. Numerical solutions of these
coupled state equations can be obtained from the Floquet the-
ory when the models are linear, or by time simulation for linear
or nonlinear models.

Over the years, many researchers have tried to extend the
classical unsteady aerodynamic theories to arbitrary motion in
the time domain. Dowell1 based his theory on a parameter
identi� cation technique in which the time history of the aero-
dynamic load on the airfoil was assumed to consist of sums
of exponentials and proposed a procedure for obtaining ap-
proximate expressions for Theodorsen’s lift de� ciency function
C(k), and for aerodynamic loads. Dinyavari and Friedmann2

generalized Loewy’s lift de� ciency function through a � nite
state Pade approximation. Dinyavari and Friedmann3 later pre-
sented a more complete derivation of their theory and an in-
corporation of time domain, arbitrary motion, and unsteady
aerodynamics into the nonlinear aeroelastic analysis of a rotor
system. Friedmann and Venkatesan4 further used the Bode plot
method to approximate Loewy’s lift de� ciency function for
oscillatory motion.

Even though the preceding � nite state models provide an
important improvement in the rotor aeroelastic analysis in the
time domain, these models still do not give a rigorous state
representation in forward � ight.5 Thus, Peters and He6 pro-
posed a three-dimensional dynamic wake model.6 This aero-
dynamic model is derived from potential � ow theory with no
restrictive assumptions on the time history of airfoil motions.
The aerodynamic states represent the induced � ow that are
expressed in terms of a Fourier series azimuthally, and a poly-
nomial distribution radially, on the rotor disk. This aerody-
namic model is constructed as a set of � rst-order state equa-
tions and is easily coupled to the corresponding structural
equations.

An effective lag damping prediction method,7,8 using a sim-
pler wake model, has been applied to stalled rotor � ap ­ lag­
torsional stability investigations, and the results have been
compared with the experimental data provided by McNulty9

and Maier et al.10 The purpose of the present work is to extend
the preceding lag damping prediction by using a higher order
uni� ed ONERA aerodynamic stall11,12 and a � nite state dy-
namic wake model developed by Peters and He.6 The equa-
tions of motion for the elastic bending and torsion of a non-
uniform rotor blade are based on the Hodges and Dowell
equations.13 The nonlinear equations of motion are represented
in terms of state variables with 4 3 10 structural state varia-
bles. Eight aerodynamic elements for each rotor blade and
eight wake harmonics for the wake model are required for a
converged wake representation. The number of aerodynamic
and wake state variables are 4 3 48 and 45, respectively.

A direct numerical time-marching integration is used to
compute the transient response (free oscillation) of the � ap ­
lag ­ torsional motion of the rotor. A periodic pitch oscillation

is added to the nonlinear state equation to simulate the con-
ventional swashplate of the experiment. The driving frequency
is set equal to the value that was used in the experiment, and
the oscillation amplitude is used as a control input parameter.
When the blade motion reaches a steady state, the additional
pitch excitation is removed. The subsequent lag response pro-
vides good transient data. A time-domain quasilinear model
identi� cation technique is applied to identify the damping and
frequency for the regressing mode. A typical forward-� ight
numerical example and correlation with the experimental re-
sults are provided.

The experimental rotor is trimmed by minimizing the root
� ap moment at 12% radius through adjusting the collective
pitch, longitudinal, and lateral cyclic pitch angles. In the pres-
ent numerical prediction, the external trim conditions (cyclical
control angles, us, uc, and collective pitch angle u0) are taken
to be the experimental values. The present results are also com-
pared with previous results8 obtained using simpler wake mod-
els, i.e., Pitt and Peters’ 3 3 3 dynamic in� ow model and a
uniform in� ow model.14

II. Equations of Motion
A. Nonlinear Structural Equations

The present numerical study is based upon an isolated,
hingeless rotor model with coupled bending/torsional mo-
tion.10 The experimental model consists of four � exible rotor
blades. The soft in-plane rotor system was designed with low
torsional stiffness to emphasize the effects of torsion. The rotor
is trimmed with cyclic pitch. For a given advance ratio, the
collective pitch and shaft tilt angles are the speci� ed control
input parameters. The basic equations of motion for the elastic
bending and torsion of the nonuniform rotor blade are based
on the Hodges and Dowell equations.13 The cross-sectional
warping and higher-order nonlinear terms are neglected con-
sistent with the design of the experimental model. Three non-
linear partial differential equations for v, w, and f are obtained,
and the equation for the radial elastic displacement u, is elim-
inated from above three equations. The terms u9 1 (v92/2) 1
(w92/2) and u· are expressed in terms of v, w, and f only.13

Expansions in general mode shape functions are used to ob-
tain ordinary differential equations (ODEs) in terms of gen-
eralized coordinates. They are expressed in series form as fol-
lows:

N

v = V (t)w (x)j jO
j=1

N

w = W (t)§ (x) (1)j jO
j=1

N

f = F (t)q (x)j jO
j=1

where Vj, Wj, Fj, and x are nondimensionalized with respect
to the blade span, R. wj, §j and qj and the jth normal modes
of the associated linear problem in the rotational system.

Using the Galerkin method a set of nondimensional equa-
tions are obtained. The velocity, acceleration, and natural fre-
quency terms are nondimensionalized by RV, RV2, and V,
respectively,

N N

2¨ ¨· ·V 1 C V 1 v V 1 4 v V 1 2 v Vi vi i vi i 1ij j 2ij jO O
j=1 j=1

1N

·2 2b v W 1 N = g w L dx (2)pc 3ij j v vi i vO E
j=1 0
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N N

2 ¨¨ · ·W 1 C W 1 v W 1 w F 1 2b w Vi wi i wi i 1ij j pc 2ij jO O
j=1 j=1

1N

1 w F 1 N = g § L dx 2 w b (3)3ij j w wi i w 4i pcO E
j=1 0

N N

2¨ · ¨F 1 C F 1 v F 1 p W 1 p Wi f i i f i i 1ij j 2ij jO O
j=1 j=1

1

1 N = g q M dx 2 p b (4)f f i i f 3i pcE
0

where

N N N N

i i·· ·N = 2 v (W F 1 W F ) 1 2 v V Vv 5jk j k j k 6jk j kOO OO
j=1 k=1 j=1 k=1

N N N N

i ·2 2 v W W 1 v W F7jk j k 8jk j kOO OO
j=1 k=1 j=1 k=1

N N N N N N

i i i· ·N = w V F 1 2 w V F 1 2 w V Ww 5jk j k 6jk j k 7jk j kOO OO OO
j=1 k=1 j=1 k=1 j=1 k=1

N N N N N N

i i i ·N = p V W 2 p V F 1 2 p V Ff 5jk j k 6jk j k 7jk j kOO OO OO
j=1 k=1 j=1 k=1 j=1 k=1

N N

i ·1 2 p V W8jk j kOO
j=1 k=1

The coef� cients, v1ij . . . , w1ij . . . , and p1ij . . . are given in
the appendix of Ref. 8.

The structural state variable equation is expressed as a non-
linear matrix equation of � rst order:

[A ]{q· } = [B ]{q } 1 {F } (5)s s s s s

where Fs is the vector of nonlinear forces caused by the non-
linear terms in the original differential equations of motion,
and

T ·· ·{q } = ë W W V V F F û (6)s j j j j j j

B. Stall Aerodynamic Equations

The aerodynamic forces, Lv, Lw, and Mf, are based on the
ONERA dynamic stall models of unsteady uni� ed lift, drag,
and pitching moment, which are virtually independent. With
G, Gd, and Gm representing the instantaneous circulation pro-
viding lift, drag, and pitch moment, respectively, the full dy-
namic stall models are represented as follows.

Dynamic stall lift:

G = G 1 G G = aU cos a 1 d b ·«1 2 1 z l

2 2 2¨ ·k G 1 2 dwkG 1 w (1 1 d )G2 2 2 (7)
2 2 ·= 2w (1 1 d ) UDC 1 e k(U cos al l hF

­DCl· · ·1 U sin a)DC 1 e k (U cos a 2 U sin a)z l l z h G­a

Dynamic stall drag:

G = G 1 G G = UCd d1 d2 d1 d0

2 2¨ ·k G 1 a kG 1 r G (8)d2 d d2 d d2

­DCd2 · ·= 2 r UDC 1 e k U DC 1 Ud d d h d zF S DG­a

Dynamic stall pitching moment:

G = G 1 G G = d b ·«m m1 m2 m1 m

2 2 2¨ ·k G 1 2 dwkG 1 w (1 1 d )Gm2 m2 m2
(9)

2 2 ·= 2w (1 1 d ) UDC 1 e k(U cos am m hF
­DCm ·· ·1 U sin a)DC 1 e k (U cos a 2 U sin a)z m m z h G­a

where G1, G2, Gd1, Gd2, G1m, and G2m represent lift, drag, and
pitching moment circulations per length for the linear and
stalled contribution, respectively. The differential operator is
relative to the rotor azimuth angle (d/dc), and an average di-
mensionless reduced frequency (k = Vb/U0 = b/r) is used in
this paper. is the airfoil rotation rate with respect to the air·«
mass, which includes all geometric rotations of the blade aero-
dynamic element. For the present rotor blade motion, = 1··« u
(1 1 v· /r) sin(w/r). Dl, DCd, and DCm are the differences be-
tween the extrapolated linear lift, drag, and pitching moment
coef� cients and quasisteady stall coef� cients in the stalled re-
gion, respectively. The aerodynamic coef� cients are given in
the appendix of Ref. 7 for a NACA 0012 section.

The stall aerodynamic pitching moment coef� cient may be
important for a rotor blade of low torsional stiffness. In the
present calculations, we assume that the stall pitching moment
coef� cient behaves similarly to the stall lift coef� cient. For the
NACA 0012 airfoil, this assumption is in reasonable agreement
with the experiment.15

The aerodynamic state variable equations is expressed as a
nonlinear matrix equation of � rst order:

[A ]{q· } = [B ]{q } 1 {F } (10)a a a a a

where Fa is the vector of nonlinear aerodynamic forces and

T · · ·{q } = ë G G G G G G û (11)a 2i 2i d2i d2i m2i m2i

C. Relationship Between Aerodynamic Forces and Flow
Velocities

From kinematics (Fig. 1), the resultant velocity U and the
angle of attack a are given by

2 2 2 2U = U 1 U = U 1 UÏ ÏP T z h

where

U = v· 1 r cos(w9) 1 m sin(c 1 v /r) (12)T

U = w· 1 m cos(c 1 v/r)sin(w9) 2 l cos(w9) (13)P T

¯l = m tan a 1 v (r, c, t )T s 1

m tan as is the axial component of the freestream, and v1(r, c,
is the induced in� ow distribution at the rotor disk. For de-t̄ )

tails, see Sec. II.D. Now,

2 1a = tan (U /U ) (14)z h
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Fig. 1 Sectional aerodynamic forces and velocities.

where

U = U cos u 1 U sin u U = U sin u 2 U cos uh T P z T P

ˆu = u 1 u sin c 1 u cos c 1 f 1 u sin vt sin c (15)0 s c e

x

f̂ = f 2 v0w9 dxE
0

The cyclic pitch angles us and uc are experimentally deter-
mined from the trim conditions, which depend upon m, as, and
u0. The values are given in Ref. 10. In the dynamic stability
testing, an external excitation provided a cyclic excitation at
the regressing lag mode frequency. To accomplish this, a hy-
draulic actuator was used to drive the swashplate with ue and
v. To simulate the experimental excitation condition, an ex-
ternal pitch excitation ue sin v sin c is added to Eqs. (2 ­ 4).
The exciting frequency includes two frequency components,
V 2 v and V 1 v, in the rotating system, and three frequency
components, 2V 1 v, 2V 2 v, and v, in the nonrotating
system. If v = 0.29 is chosen, i.e, the test value, 8.4 Hz, then
an exciting frequency, 0.71, in the rotating system and 0.29 in
the nonrotating system is obtained. The � rst lag natural fre-
quency of the experimental rotor is 0.71 and the regressing lag
mode frequency is 0.29.

The ONERA dynamic stall model is based on a blade airfoil
element. Here, it is applied to a single � exible bending/torsion
blade motion. A simple assumption is that the blade is divided
into Na spanwise sections and the ONERA model is applied to
each section. The aerodynamic forces for a generic ith blade
aerodynamic element can be expressed as

L = [U G 2 U G 1 L cos u] (16)wi T P d 0 i

L = 2[U G 1 U G 1 L sin u] (17)vi P T d 0 i

M = [2bUG 1 M 1 aeL ] (18)fi m 0 z i

where

L = [U G 1 U G 1 L ]zi h z d 0 i

·L = [bs U ]0i l z i

·M = [bs U ]0i m z i

Substituting Eqs. (16 ­ 18) into the right-hand side of Eqs.
(2 ­ 4), a set of the second-order ODEs in the structural vari-
ables Wj, Vj, and Fj, and aerodynamic variables Gi, Gdi, Gmi are
obtained. Two Ns state variables each are required for the struc-
tural degrees of freedom (� apping, lag, and torsion motions).
Equations (7 ­ 9) represent a third- and second-order system,

respectively. Thus, six state variables are required per section
for each equation. Combining Eqs. (5) and (10), a set of 6Na

1 2Ns nonlinear � rst-order differential equations is obtained.
Note that the velocity components UP and UT involve the

state variables wj, vj, and fj. Equations (5) and (10) are a set
of nonlinear differential equations whose solution can be ob-
tained by numerical time integration. The initial values of UP

and UT are determined by the initial values of the state vari-
ables.

D. Equations of Motion with Peters’ Dynamic Wake Model

From Ref. 6, the induced � ow v1 at the rotor disk can be
represented by

` `

r s s¯ ¯ ¯v (r, c, t ) = f (r)[a (t )cos(sc) 1 b (t )sin(sc)]i j j jO O
s=0 j=s1 1,s1 3,...

(19)

and the generalized dynamic wake equations can be expressed
in the following form:

s c 21 s 1 mc­[M ]{ ·a } 1 V [L ] {a } = {t } (20)j j 2 n

s s 2 1 s 1 ms· ­[M ]{b } 1 V[L ] {b } = {t } (21)j j 2 n

where V is an in� ow parameter to account for energy added
to the � ow from the rotor, which is given by

2m 1 l(l 1 l )mV =
2 2m 1 lÏ

(22)
l = m tan a 1 ls m

where lm is the momentum-theory value of steady induced
� ow for a trimmed rotor

c 2 1 ml = (2/ 3){1 0 0 . . .}[L ] {a }Ïm n

This makes the dynamic wake equations nonlinear through
the dependence of V upon the states . Also, the inducedma n

in� ow in� uence coef� cient matrices [Lc] and [Ls] depend upon
the effective disk angle of attack and, thus, the states . Forma n

the coef� cients of Eqs. (19 ­ 21), see Ref. 6.
For rotors with a � nite number of blades, the pressure across

the disk can be approximately represented as a lifting line for
each blade by the following instantaneous functions of the
blade loading Lw:

14
10m 0t = f (r)(L ) drn n w kO E2p k=1 eh

14
1mc mt = f (r)(L ) cos(mc ) dr (23)n n w k kO Ep k=1 eh

14
1ms mt = f (r)(L ) sin(mc ) drn n w k kO Ep k=1 eh

Because of the different in� ow velocities on each rotor
blade, the individual blade motions and corresponding aero-
dynamic circulations have to be taken as independent degrees
of freedom. Hence, {qs}, and {qa} are de� ned by ck = 1¯ ¯t, t
2p (k 2 1)/4, {qs}k, and {qa}k, where k denotes an individual
blade. Thus, for a rotor system with four blades and for a
dynamic wake model with Nv degrees of freedom, the resulting
system of state variable equations is expressed as a nonlinear
matrix equation of � rst order:

[A]{q· } = [B]{q} 1 {F } (24)N
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Fig. 3 Transient time histories of the regressing mode from nu-
merical simulation for as = 23 deg and m = 0.15.

Fig. 2 Number 1 blade lag response time history for a s = 23
deg and m = 0.15.

where FN is the vector of nonlinear forces caused by the non-
linear terms in the original differential equations of motion,
and

T{q} = ë (q ) , (q ) , q û (25)s k a k l

where

T s s{q } = ë a b ûl j j

The matrix [B] involves the induced in� ow in� uence coef-
� cient matrices and the � ow parameter V. Thus, [B] is ac,s[L ]
function of the in� ow state variable ql, and is updated at each
numerical integration time step.

The structural and aerodynamic state variables are 2 3 Nb

3 Ns and 6 3 Nb 3 Na, respectively. The total degrees of
freedom of this system are Nb 3 (2Ns 1 6Na) 1 Nv. For the
present numerical investigation, we use Nb = 4, Na = 8, Nv =
45, and Ns = 5 (two � apping modes, two lag modes, and one
torsion mode).

III. Lag Damping and Solution Procedure
In this paper, we use direct numerical time integration to

compute the transient response (free oscillation) of the � exible
rotor blade motion. As in the experimental excitation, a peri-
odic pitch excitation is added to the pitch variable u of Eqs.
(2 ­ 4). The driving frequency is set equal to the � rst regressing
mode frequency. The force magnitude is used as a control in-
put parameter. When the blade motion reaches a steady state,
the additional pitch excitation is removed. The subsequent
dominant lag response provides good transient data, primarily
in the lag mode. For the in-plane stability analysis of the � ex-
ible rotor, the damping and frequency for the regressing mode
in the nonrotating system are of primary concern, and this
approach tends to lead to excitation and response in essentially
a single mode. Also, this method of excitation most closely
responds to the way in which the experimental data were ob-
tained.10 A time-domain quasilinear model identi� cation (ITD)
is applied to identify the damping and frequency for the global
regressing mode, as was done in Ref. 10.

The numerical calculation needs an initial in� ow value .0ā1

At the start of the calculation, we assume the in� ow to be a
steady uniform induced � ow; thus, it is determined by a rotor
momentum theory.

The numerical investigation has focused on the prediction
of lag damping for the global regressing mode in forward
� ight, based on the full Peters’ uni� ed ONERA dynamic stall
and wake models. The parameters of the experimental model
rotor of Ref. 10 are used in the present computation including
two � ap, two lag, and one torsion modes. The blade is divided
into eight spanwise aerodynamic elements starting from r =
0.215. The � exure section of the blade (r = 0.104­ 0.215) is
assumed to be a no lift or pitch moment section because of
the rectangular airfoil section, and the aerodynamic drag is
neglected. The wake harmonic number is taken as 8 with 45
in� ow states. The measured structural modal damping of jw =
jf = 0.01, and jv = 0.005 was included in the analysis. The
natural frequencies and modes of the rotor system are calcu-
lated using a � nite element method. The frequencies for the
nominal rotor speed of 1700 rpm were compared with calcu-
lations from the comprehensive analytical model of rotorcraft
aerodynamics and dynamics, Johnson Aeronautics version
(CAMRAD/JA). There is good agreement between the two
theoretical predictions.8

The experimental rotor is trimmed by minimizing the root
� ap moment at 12% radius through adjusting the collective
pitch, longitudinal, and lateral cyclic pitch angles, and a the-
oretical prediction of the root � ap moment is made. In a ro-
tating system, the � ap moment at the blade root at 12% radius
is determined by integrating Eq. (3) from r = 0.12 to r = 1

over one cycle when the rotor blade motion reaches a steady
state under zero initial conditions.

IV. Numerical Results and Comparison
with Experiment

A. Regressing Lag Damping

Following the work of Ref. 8, only the forward-� ight case
for u0 = 3 deg is discussed. In this case, Eq. (24) includes 40
DOFs for the structural motion (the � rst two � aps, lag modes,
and the fundamental torsional mode), 192 DOFs for the aero-
dynamic blade model, and 45 DOFs for the wake in� ow. In
the numerical simulation, 180 revolutional cycles with the in-
tegral step length, 2p/120, were calculated. A typical blade lag
response curve for as = 23 deg and m = 0.15 is shown in Fig.
2. The � rst 60 revolutional cycles are the transient response
under zero initial conditions. The blade motion reaches a
steady state after 40 cycles, which is called the trimmed con-
dition of this system. At = 61 cycles, the external exci-t̄/2p
tation with lag angle ue = 0.5 deg, v = 0.29 is added into this
system. As shown in Fig. 2, the process from = 61 tot̄/2p
120 cycles is steady forced oscillation. At = 121 cycles,t̄/2p
the external excitation is removed, and the transient response
data are obtained for the duration of 60 cycles. The response
decays with time, and the decay rate depends on the system
damping. The transient response included the dominant com-
ponent with frequency of the regressing mode 8.4 Hz, and
higher order components with frequency 1.71V. A typical re-
gressing lag transient response time history from = 121t̄/2p
to 180 revolution cycles for m = 0.15 and as = 23 deg is
shown in Fig. 3. We have used an ITD computational code7

to determine the lag damping and frequency. For convenience
in the ITD analysis, the nondimensional time is returned to
real time, and the starting time is set to zero (Fig. 3). From
this � gure, it is found that the regressing mode frequency com-
ponent (8.4 Hz) is dominant and the higher-order components
are small. Corresponding to the dominant frequency compo-
nent, the regressing lag damping is 0.92 from the ITD analysis.
From the calculations, it is also found that the lag damping
values from the individual rotor blades are the same as the
global value. This is different from the experiment, and per-
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Fig. 4 a) Forward-� ight regressing lag mode damping and b)
steady root � ap moment vs advance ratio for collective pitch u0 =
3 deg, a s = 0 deg: the solid line is from the uniform in� ow, the
broken line is from the 3 3 3 dynamic in� ow, the dot ­ dash line
is from the present method, and L is from measured data.

Fig. 5 a) Forward-� ight regressing lag mode damping and b)
steady root � ap moment vs advance ratio for collective pitch u0 =
3 deg.

haps suggests that blade-to-blade differences may have been
important in the experiment.

Figures 4a, 5a, and 6a show the regressing lag damping vs
m, for u0 = 3 deg, with as = 0, 23, and 26 deg, respectively.
A comparison between the theory and experiment is also
shown in these � gures. In Figs. 4a, 5a, and 6a, the solid and
broken lines indicate the results from the uniform in� ow and
Pitt and Peters’ 3 3 3 dynamic in� ow models,14 respectively.
The dot­ dash line is the present analysis results from the ad-
vanced wake model. The advanced dynamic wake model im-
proves signi� cantly the theoretical/experimental correlation
over Pitt and Peters’ early 3 3 3 dynamic in� ow model,14 and
also the simpli� ed uniform in� ow model, particularly in the
range of the higher advance ratio. It is interesting to � nd that
at higher as and m, such as as = 2 6 deg and m > 0.2, the
present theoretical results are closer to the experimental data
than those at lower as and m. From these results, it is con-
cluded that the combination of the ONERA stall model and a
more advanced Peters and He’s wake model6 is an important
factor for improving the correlation with experimental data.

Figure 7 shows the mean thrust value C̄T vs the cyclic num-
ber for the transient process when m = 0.26 and as = 2 6 deg.
The mean thrust is equivalent to an average of the lift over
the rotor disk. The external cyclic excitation is removed start-
ing from the = 121 revolutional cycles. C̄T is calculatedt̄/2p
by

0 2 2C̄ > 2 3ā m 1 lÏ ÏT 1

From Fig. 7, it is found that the mean thrust is an oscillatory
decaying motion with time. The oscillation frequency is about
0.29, which equals the regressing frequency in the non-rotating
system. When the transient process completely disappears, the

average thrust attains a constant value. The decay behavior
depends on the system damping.

B. Root Flap Moment

The collective pitch, longitudinal, and lateral cyclic pitch
angles are used to minimize the root � ap moment at 12% for
trimming this rotor system. To assess the accuracy and com-
putational ef� ciency of the present method, we examined the
1/rev root � ap moment at 12% R for correlation with the ex-
perimental data. As shown in Fig. 2, the trim condition is
reached after 40 revolution cycles. We take one cycle of data
in the trim state to calculate the steady root � ap moment (time-
averaged value). The total root � ap moment is determined by
the force-integration approach of the aerodynamic lift and the
inertial moments (including contributions from centrifugal
forces). The results are shown in Figs. 4b, 5b, and 6b for the
same conditions as in Figs. 4a, 5a, and 6a. From these � gures,
it is found that the measured and calculated root � ap moment
match reasonably well. The results also demonstrate the com-
bination of dynamic stall, and an advanced wake model im-
proves the trim correlation with experimental data. The damp-
ing prediction for hingeless rotor aeroelastic stability must
consider the rotor trim condition.

A set of the steady blade � ap response curves over one rev-
olution cycle is shown in Fig. 8 for as = 26 deg and several
advance ratios. The motion is represented by the blade tip am-
plitude (feet), and the response is periodic with a dominant
frequency determined by the rotating speed of the rotor. In
Fig. 8, the solid, broken, and dot­ dash lines indicate the re-
sults from m = 0.31, 0.2, and 0.1, respectively. As m increases,
the blade � ap response amplitude increases. This leads to a
larger root � ap moment for larger m, as shown in Fig. 6b.

To assess the effect of the stall model on the lag damping
and the steady � ap moment, we compare predictions with and
without this stall model. As an example, Figs. 6c and 6d show
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Fig. 6 a), c) Forward-� ight regressing lag mode damping and b), d) steady root � ap moment vs advance ratio for collective pitch u0 =
3 deg, as = 26 deg. For c), d), the solid line is from the present method with stall model, the broken line is from the present method
without stall model, and L is from measured data.

Fig. 7 Average thrust C̄T vs the cyclic number for a s = 26 deg
and m = 0.26 in the transient process.

Fig. 8 Steady blade � ap response curves vs several advance ra-
tios over one revolution cycle for a s = 26 deg: the solid line is
from m = 0.31, the broken line is from m = 0.2, and the dot ­ dash
line is from m = 0.1.

the regressing lag damping and the steady root � ap moment
vs m, for u0 = 3 deg and as = 26 deg, respectively. The solid
and broken lines indicate the results using the advanced wake
model with and without the stall model, respectively; L rep-
resents measured data. It is found the effect of the stall is not
signi� cant because of good trim condition. This result is also
expected from the contour plots for the angle-of-attack distri-
bution as shown in Fig. 9. The stall region occupies a small
portion of the rotor disk, and the contribution of lift stall to
the root � ap moment is correspondingly small.

C. Induced In� ow Distribution

For further insight into the effects of the dynamic wake
model on rotor aeroelastic stability, the time-averaged induced
in� ow distribution over one rotor revolution in the steady trim
conditions is considered. In equation (19), the induced � ow
state variables are taken as the time-averaged values over one
cycle. Therefore, the induced in� ow v1 only depends upon the
blade radial and azimuthal locations. Figure 10 presents con-
tour plots of the induced-in� ow distribution for as = 2 6 deg:

Fig. 10a, m = 0.1; Fig. 10b, m = 0.2; and Fig. 10c, m = 0.31.
The view in Fig. 10 is from above the rotor looking down on
the rotor disc. The freestream is from left to right (as indicated
by the arrow) and the direction of rotor rotation is counter-
clockwise. The contour interval is Dv̄1 = 0.005. From Fig. 10a,
for m = 0.1, we see that the induced in� ow is asymmetrical
about the longitudinal centerline of the rotor. The time-aver-
aged induced in� ow varies from 20.05 to 0.06. The largest
downwash occurs in the rear portion of the disc, i.e., near c
= 270­ 360 deg and the blade tip. The largest negative induced
in� ow occurs in the front portion of the disc near the blade
tip and c = 180 deg. At the blade root, the induced in� ow is
almost zero. The induced in� ow increases with moving the
radial position from the root to the tip of the blade for each
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Fig. 9 Contour plots for the angle of attack distribution for a s

= 26&: from m = a) 0.1, b) 0.2, and c) 0.31.

Fig. 10 Time-averaged countour plots for the induced-in� ow dis-
tribution for as = 26 deg: from m = a) 0.1, b) 0.2, and c) 0.31.

azimuthal position. For m = 0.2, as shown in Fig. 10b, the
time-averaged induced in� ow decreases from 0.06 of m = 0.1
to 0.04. The largest downwash also occurs in the range of c
= 270­ 360 deg and at the blade tip. The largest negative in-
duced in� ow 20.01 occurs in the front portion of the disc near
the blade tip. The asymmetry about the longitudinal centerline
of the rotor is stronger than for m = 0.1. As shown in Fig. 10c,
the largest time-averaged induced in� ow drops from 0.06 for
m = 0.1 to 0.01 for m = 0.31. The contour interval is Dv̄1 =
0.002. The largest downwash occurs near c = 315 deg and the
blade tip. The asymmetry about the longitudinal centerline of
the rotor is more pronounced.

D. Angle-of-Attack Distribution

The angle-of-attack distribution over one rotor revolution in
the steady trim conditions is discussed. From Eq. (14), the
angle of attack varies with both radial and azimuthal positions.
Contour plots are shown in Fig. 9 for as = 26 deg; Fig. 9a,
m = 0.1; Fig. 9b, m = 0.2; and Fig. 9c, m = 0.31. The contour
plot structure is the same as in Sec. IV.C. The contour interval
is Da = 0.4 deg. From Fig. 9a, for m = 0.1, we see the angle-

of-attack distribution is in a linear range. The angle of attack
varies from 22.4 to 6.19 deg. In this case, a quasisteady aero-
dynamic theory can be used with suf� cient accuracy. The dis-
tribution is asymmetrical about the longitudinal centerline of
the rotor. For m = 0.2, as shown in Fig. 9b, the angle of attack
varies from 214 to 5 deg. The largest angle of attack occurs
near the blade root area of r < 0.4 and c = 180­ 360 deg. A
slight stall occurs near this area, but the effects of dynamic
stall can be neglected. The asymmetry about the longitudinal
centerline of the rotor becomes stronger than that for m = 0.1.
For m = 0.31, as shown in Fig. 9c, the angle of attack varies
from 2150 to 3.7 deg. The largest angle of attack occurs near
the blade root area when r < 0.5 and c = 180­ 360 deg, and
the area is enlarged. A stronger stall occurs near this area and
the effects of dynamic stall must be considered. Also, the
asymmetry about the longitudinal centerline of the rotor be-
comes stronger than that for m = 0.2. From Fig. 9, it is found
most of the lift area of this rotor is not in the aerodynamic
stall range. This is because this rotor is trimmed by adjusting
collective pitch, longitudinal, and lateral cyclic pitch angles in
the experimental model.
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Fig. 11 Blade lag response and regressing lag damping for com-
paring the in� uence of the nonlinear term, [Lc,s]21: a) blade lag
response for a s = 23 deg and m = 0.26 and b) regressing lag
damping vs advance ratio for a s = 23 deg.

E. In� uence of Nonlinear Term [Lc,s]21

To examine the effect of the induced in� ow in� uence co-
ef� cient matrix, , on blade lag response and regress-c,s m 2 1[L (a )]n

ing lag damping, the following comparisons are made. First it
is assumed that = = const, i.e.,c,s m 2 1 c,s 0 2 1[L (a )] [L (ā )]n 1

is independent of time . is the steady uniform-c,s 0 2 1 0¯[L (ā )] t ā1 1

induced � ow obtained from the rotor momentum theory. Thus,
the in� ow in� uence coef� cient matrix is constant in the nu-
merical time integration process, i.e., in this process, the co-
ef� cient matrix is calculated only one time. These results are
compared to those when is dependent on .c,s m 21 ¯[L (a )] tn

Figure 11a shows a typical blade lag response at the tip for
as = 23 deg, m = 0.26, and u0 = 3 deg. In Fig. 11a, the solid
and broken lines indicate the results from without and with
nonlinear consideration in the in� ow in� uence matrix, respec-
tively. It is found that the effect of allowing [Lc,s]21 to depend
upon is small. However, the difference in computationalman

cost is signi� cant, e.g., the CPU time using a SUN SPARC
station 5 dropped from 5 h 37 min to 69 min 11 s. Figure 11b
shows the regressing lag damping vs advance ratio, for u0 = 3
deg, with as = 23 deg. A comparison between the theory and
experiment is also shown in Fig. 11b. The solid and broken
lines indicate the results without and with nonlinear consid-
eration in the in� ow in� uence matrix, respectively. The L
symbols represent measured data. Again, the nonlinear effect
is slight.

V. Concluding Remarks
A numerical simulation technique is applied to determine

the transient response of a hingeless rotor model and to predict
the lag damping and root � ap moment for correlation with
experimental results from a wind-tunnel test. Numerical in-
vestigations lead to the following conclusions:

The present theoretical/numerical method improves the cor-
relation of the theoretical and experimental results over both
earlier eigenvalues, perturbation analyses,10 and the previous
work,8 using the uniform in� ow 3 3 3 dynamic in� ow models.
The trim condition is important for obtaining a good experi-
mental correlation. The results show that a better correlation
of the trim conditions leads to a better lag damping correlation
between the prediction and experimental data.

Unfortunately, the present method leads to many degrees of
freedom in the nonlinear rotor system and, thus, large com-
putational cost. For example, the CPU time using a SUN
SPARC station 5 is 5 h and 37 min for a one � ight condition.
However, neglecting the nonlinearity in the aerodynamic in-
� uence matrix reduces the computational cost by a factor of
5, with only a slight loss in accuracy.
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